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Abst rac t - -A  dissipative trigonometrically-fitted two-step explicit hybrid method is constructed 
in this paper. This method is based on a dissipative xplicit wo-step method eveloped recently by 
Tsitouras [1]. Numerical examples show that the procedure of trigonometrical fitting is an efficient 
way for one to produce numerical methods for the solution of second-order linear initial value problems 
(IVPs) with oscillating solutions. (~) 2004 Elsevier Ltd. All rights reserved. 
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1. INTRODUCTION 
The numerical solution of second-order differential equations of the form 
y"(x) = f(x, y), y(xo) = Yo, y'(xo) = y~, (1) 
is studied in this paper. In these differentiM equations, the function f is independent of the 
first derivative of y. This type of equation can be found in many areas of quantum mechanics, 
physical chemistry and chemical physics, celestial mechanics, electronics, theoretical chemistry, 
and elsewhere (especially when their solution has oscillatory behavior) (see [2]). 
The numerical solution of (1) is a subject of great research activity over the last two decades. 
For a complete reference about the methods developed for the solution of (1), see [3-7] and 
references therein. All the methods which have been developed in the literature for the numerical 
solution of (1) are symmetric multistep or symmetric hybrid methods. Recently, Tsitouras [1] 
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has developed a class of Runge-Kutta-Nystr6m type methods which are dissipative (i.e., not 
symmetric). 
Exponential fitting, first introduced by Lyche [8], is one of the most useful procedures for 
the construction of efficient methods for the approximate solution of second-order initial-value 
problems with oscillating or periodic solution. Raptis and Allison [9] have produced a Numerov 
type exponentially fitted method. The numerical results produced in [9] show that these fitted 
methods are much more efficient han Numerov's method for the solution of the SchrSdinger type 
equations. 
The purpose of this paper is to show that the trigonometrically-fitted dissipative methods are 
much more efficient han the classical dissipative methods. 1 
The paper is constructed as follows. In Section 2, the new trigonometrically-fitted dissipative 
method is developed. In Section 3, numerical illustrations are presented. Finally, in Section 4, 
concluding remarks are presented. 
2. TR IGONOMETRICALLY-F ITTED D ISS IPAT IVE  METHODS 
Consider the method, first introduced by Tsitouras [1], 
ya = (1 - cl) yn + ClYn-1 + h 2 (dnf,~-I  + dl2fn) , 
f~ = f (x , , - c lh ,  ya), 
Yb = (1 -- C2) Yn + c2yn-1 + h 2 (d21fn-1 + d22fn + g~lf~), 
h = f (x~ - c2 h, yb), (2) 
y¢ = (1 - c3) Yn + C3Yn-1 + h 2 (d31fn-1 + du2fn + ga l fa  + ga2fb) ,  
f~ = f (x~ - c3 h, yc), 
Y,~+I = 2yn - Y~-I + h2 (Wl f~- I  + w2f~ + blfa + b2fb + b3fc), 
whereci,  i=  1(1)3, dij, i=  1(1)3, j - -  1,2, a~j , i=  1(1)3, j = l (1 ) i - l ,  wi, = 1,2 andb,,  
i = 1(1)3 are the coefficients of the method. 
In order for the above method to be exact for any linear combination of the functions 
{1, x, z 2, x 3, x 4, cos(±w x), sin(=kw x)},  (3) 
the system of equations presented in Appendix A must hold. Considering the values (see for 
detMls [1]) 
dn  = 0.9849042853884411, 
d32=-0.3189442671225579, 
dl2=-0.6191851078585296, 
g31 = 0.1929702170578158, 
d2t = -1.00615149302248, 
g32 = 0.2550050264031409, 
d22 = 0.8697687073032044, 
c1=-0.4906757063034415, 
g21 = 0.01229272944938354, 
c2 = 0.5426601390083943, 
dal = 0.6331480169843698, 
c3 = -0.8320502943378441 
(4) 
and solving the system of equations described in Appendix A, the rest of the coefficients of the 
method are obtained and are given in Appendix B. For small values of w, Taylor series expansions 
of these coefficients must be used and are given in Appendix C. 
The local truncation error of the above method is given by 
LTE = h 9 (0.2285785640625740-10 -5 y7 + 0.0000103123354108 y~ 
+ 0.3948175197444324.10 -6  y9  _ 0.8421367289956339 • 10-5 w 4 y~ 
4 3 
- 0.2361240044607519.10 -44 w 6 y3 + 0.0001251630390994w Yn (5) 
+0.1103012439799596 ,~-17 2 • l u  w Yn + 0.1542619790214251 • lu'~-ls w2 y~3 
- 0.0001251630390994 y3 _ 0.2914113163883591 - 10-19 w 2 y~) . 
1With the term classical, we define the corresponding methods with constant coefficients. 
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From Appendix C, it can be seen that when w --* 0 (where v = w h), the above methods become 
the classical dissipative ighth algebraic order explicit method developed by Tsitouras [1]. 
Following similar procedures, methods of the above type for multifrequency cases can be pro- 
duced. This will be a subject of another paper. 
3. NUMERICAL  I LLUSTRATIONS 
In this section, we apply the new explicit proposed method to the inhomogeneous equation, the 
"almost" periodic orbit problem studied in [10], and the "almost" periodic orbit problem studied 
in [11]. 
3.1. Inhomogeneous  Equat ion  
We consider the following problem: 
y" = -100y + 99sinx, y(0) = 1, y'(0) = 11, 
whose theoretical solution is y(x) = cos(10x) + sin(10x) + sin x. 
Equation (6) has been solved numerically for 0 < x < 1000Tr using the following methods. 
(II) 
(III) 
(IV) 
(6) 
Explicit version of Numerov's method produced by Chawla [12] (which is indicated as 
Method [a]). We note here that the explicit version of Numerov's method has larger 
interval of periodicity (interval of periodicity equal to (0, 12)) than the classical Numerov's 
method (interval of periodicity equal to (0, 6)). 
Method of Tsitouras [1] (which is indicated as Method [b]). 
Sixth algebraic order explicit method of Chawla [13] (which is indicated as Method [c]). 
Exponentially-fitted dissipative method produced in this paper (coefficients given by (20)) 
(which is indicated as Method [d]). 
In Table 1, we present he end-point absolute error Errorend : 1Ogl0(]Ycalculated --Yth . . . .  t ical]) 
for the same number of function evaluations NFE. The nonexistence of a value of Errorend for 
Methods [a]-[c] indicates that for this number of function evaluations the values of Errorend are 
unacceptable, i.e., greater than 1. We note that in this case w = 10. 
Table 1. Inhomogeneous equation. End-point absolute rror Errorend for the same 
number of function evaluations NFE. The nonexistence of a value of Errorend for 
Methods [a]-[c] indicates that for this number of function evaluations the values of 
Errorend are unacceptable, i.e., greater than 1. 
NFE 
6400 
12800 
25600 
51200 
Method [a] Method [b] Method [c] Method [d] 
6.8.10 -2 
2.7.10 -3 
2.6.10 -5 
8.0- 10 -1 6.3.10 -s 
3.2. A P rob lem by Franco and Palacios 
The "almost" periodic orbit problem studied by [10] is considered. 
y '+y=ee i¢~, y (0 )= l ,  y ' (0 )= i ,  ycC, 
whose equivalent form is 
(7) 
u" + u = E cos(~bx), u(0) = 1, u'(0) = 0, 
v '+  v = E sin(¢z), v(0) = 0, v'(0) = 1, 
(8) 
(9) 
where e = 0.001 and ~p -- 0.01. 
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The analytical solution of problem (7) is given as follows: 
y(x) = u(x) + iv (x) ,  u, ~ e R, (10) 
1 -e -¢  2 e 
u(x) = 1 - ¢2 cos(x) + ~cos(¢x) ,  (11)  
1-e¢-¢  2 e 
v(x) -- 1 - ¢2 sin(x) + ~ sin(¢x). (12) 
The solution of equations (10)-(12) represents motion of a perturbation of a circular orbit in 
the complex plane. 
The system of equations (8),(9) has been solved for 0 < x < 1000~r using the four methods 
mentioned above. The calculations have been made with w = 1. In Table 2, we present he end- 
point absolute rror Errorend for the same number of function evaluations NFE. The nonexistence 
of a value of Errorend for Methods [a]-[c] indicates that for this number of function evaluations, 
the values of Errorend are unacceptable, i.e., greater than 1. 
Table 2. "Almost" periodic orbit problem studied by Franco and Palacios [10]. End- 
point absolute rror Errorend for the same number of function evaluations NFE. The 
nonexistence of a value of Errorena for Methods [a]-[c] indicates that for this number 
of function evaluations the values of Errorend are unacceptable, i.e., greater than 1. 
NFE 
5o 
100 
2o0 
400 
8oo 
1600 
3200 
6400 
12800 
Method [a] Method [b] Method [c] Method [d] 
2.1 • 10 -2 
3.3.10 -3 
5.1 • 10 -4 
2.2 • 10 -5 
7.3.10 -7 
8.2.10 -8 
8.7- I0 -9 
9.0. 10 -10 
5.9 • 10 -2 7.8.10 -1 9.2.10 -11 
3.3. A Problem by Stiefel and Bet t i s  
The "almost" periodic orbit problem studied by [11] is the next problem, which is considered. 
y"+y=O.OOle i=, y(0)=l ,  y ' (0 )=0.9995 i ,  yEC, (13) 
whose equivalent form is 
~" + u = 0.001cos(x),  ~(o) = 1, 
v" + v = 0.001 sin(x), v(0) = 0, 
The analytical solution of problem (13) is as follows: 
y(x) = u(x) + i~(x) ,  ~ ,~eR,  
~(x) = cos(x) + 0.0005 x sin(x), 
v(x) = sin(x) - 0.0005 x cos(x). 
u'(o) = o, (14) 
v'(O) = 0.9995. (15) 
(16) 
(17) 
(18) 
The solution equations (16)-(18) represent motion of a perturbation of a circular orbit in the 
complex plane. 
The system of equations (14),(15) has been solved for 0 < x < 10007r using the four methods 
mentioned above. For this problem, we have also w = 1. In Table 3, we present he end-point 
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Table 3. "Almost" periodic orbit problem studied by Stiefel and Bettis [11]. End- 
point absolute rror Errorend for the same number of function evaluations NFE. The 
nonexistence of a value of Errorend for Methods [a]-[c] indicates that for this number 
of function evaluations the values of Errorend are unacceptable, i.e., greater than 1. 
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NFE 
3200 
6400 
12800 
25600 
51200 
102400 
Method [a] Method [b] Method [c] Method [d] 
8.1 • 10 -2 
7.6.10 -3 
2.6 • 10 -1 5.0.10 -4 
2.4.10 -1 1.0 .10  -2  3.6 • 10 -2  2 .6 .10  -6  
1.3.10 -2 4.5.10 -5 1.9. I0 -3 
6.5.10 -4  1.9 • 10 -7 1.5.10 -s  
1.7.10 -s  
2.0.10 -9 
absolute error Errorend for the same number  of function evaluations NFE .  The  nonexistence of 
a value of Errorend for Methods  [a]-[c] indicates that for this number  of function evaluations the 
values of Errorend are unacceptable, i.e., greater than I. 
Since Methods  [a]-[d] used are of multistep type, in order to determine the appropriate initial 
conditions an eighth algebraic order Runge-Kut ta -Nyst rSm method developed by Dormand et 
al. [14] is used. 
4. REMARKS AND CONCLUSION 
Based on the  above numer ica l  results,  we present  he following remarks .  
For all the  problems,  the t r igonometr ica l ly - f i t ted diss ipat ive method produced in th is  paper  
is much more efficient than  the  other  methods  w i th  the same basic character is t ics  for the  same 
cost. 
For the inhomogeneous equation, the method of Tsitouras [i] seems to be better than the 
methods  of Chawla  [12] and Chawla  and Rao  [13]. 
For other problems, the method of Chawla  and Rao  [13] is more  efficient than the method of 
Tsitouras [I]. 
F rom the above, it is obvious that the trigonometric fitting property covers the nonexistence of 
the property of nonempty  interval of periodicity for the dissipative methods  and for this reason 
is the one way  in order for one to produce efficient dissipative methods. We note also here that 
similar results have been produced also for other problems (i.e., for problems mentioned in [I]). 
We note also here that the new scheme gives better results than the classical scheme of [I] even 
with 80~ error in the estimation of the frequency. 
All computations were carried out on a IBM PC-AT  compatible 80486 using double precision 
arithmetic with 16 significant digits accuracy (IEEE standard). 
APPENDIX  A 
2 = 2b l  +2b2 +2w2 + 2b3 -~- 2wl  
- 6b3c3 - 6b l  cl - 6b2c2 - 6wl  = 0, 
2 = 12 wl  + 24 b3 d32 + 12 b2 c2 + 12 ba c3 + 12 bl cl + 24 bl d l l  + 24 bl d12 
+ 24 b2 d22 + 24 b2 d21 + 24 b3 gal + 24 b3 g32 + 24 b2 g21 + 24 b3 d31, 
2cos(wh)  - 2 = -h  2w 2 bl - h 2w 2w2 - h 2w 2 b2-  h 2w 2b3 
+ h s w s b3 ga2 g21 d l l  cos(w h) + h 4 w 4 bl d l l  cos(w h) - h 2 w 2 b3 c3 cos(w h) 
- h 2 w 2 bl cl cos(w h) - h 2 w 2 b2 c2 cos(w h) - h 2 w 2 Wl cos(w h) 
- h 6 w 6 b3 g32 g21 Cl cos(w h) - h 6 w 6 ba g31 d l l  cos(w h) 
(19) 
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- h 6 w 6 b2 g21 
-- h 6 w 6 b3 g32 
+ h 4 w 4 b2 g21 
+ h 4 w 4 b2 d21 
+ h 4 w a b2 d22 
- h 4 w 4 b3 g32 
+ h 4 w 4 b3 g31 
- h 6 w e b3 g31 
+ h 6 w 6 b3 g32 
+ h s w s b3 g32 
+ h 2 w 2 b3 c3, 
d11 cos(w h) 
d21 cos(w h) + h 2 w 2 b2 c2 + h 4 w 4 b3 g31 cl cos(w h) 
cl cos(w h) 
cos(w h) + h 4 w 4 b3 g32 c2 cos(w h) + h 4 w 4 b3 d31 cos(w h) 
c2 + h 4 w 4 b3 d32 + h 4 w 4 b2 g21 + h 4 w4 bl d12 + h 4 w 4 b3 g32 
d12 - h 6 w 6 b3 g32 d22 - h 4 w 4 b2 g21 cl - h 6 w 6 b3 g32 g21 
g21 Cl (19)  (cont . )  
g21 d12 - h 4 w 4 b3 g31 Cl - h e w 6 b2 g21 d12 + h 2 w 2 bl Cl 
0 = -h  s w s sin(w h) b3 g32 g2t d l l  - h 4 w 4 sin(w h) bl d l l  - -  h 4 w 4 sin(w h) b3 d31 
+ h 6 w 6 sin(w h) b3 g32 d21 + h e w 6 sin(w h) b3 g31 d l l  - h 4 w 4 sin(w h) b3 g31 cl 
+ h 2 w 2 sin(w h) b2 c2 + h 2 w 2 sin(w h) bl cl - h 4 w 4 sin(w h) b3 g32 c2 
- -  h 4 W 4 sin(w h) b2 g21 Cl + h 6 w 6 sin(w h) b 2 g21 dl l  - h 4 W 4 sin(w h) b2 d21 
+ h 6 w 6 sin(w h) b3 g32 g21 cl + h 2 w 2 sin(w h) wl  + h 2 w 2 sin(w h) b3 c3. 
APPENDIX  B 
Wl = (0.11493672170271438853v 4 cos(v) - 21.977330848783671787v 2 
+ 2.8672716419535869097v 4 - 0.098911203278203490968v 6 
+ 2.7618339030183887609v 2 cos(v) - 38.430993891530566034 cos(v) 
+38.430993891530566032)/v  6, 
w2 = (0.29427851575254023709v 4 cos(v) - 113.28712792899928933v 2 
+ 11.212778831774171151v 4 + 0.12082173249943063853v 6 
+ 216.65523176147007971 + 4.9595120482642494750v 2 cos(v) 
- 216.65523176147007971 cos (v ) ) /v  e, 
bl = (-0.10367207953265039642v 4 cos(v) + 92.804816725991494204v 2 
- 7.5417868772850811180v 4 + 0.41792701458733157123v 6 
- 186.03335714965447486 + 0.21186184883574320833v 2 cos(v) 
+ 186.03335714965447487 cos (v ) ) /v  6, 
b2 = (-0.30554315792260422919v 4 cos(v) + 74.810632854883751749v 2 
- 8.7349358114674618622v 4 + 0.56016245619144128215v 6 
- 136.15121979864868696 - .7350229555594082699v 2 cos(v) 
+ 136.15121979864868696 cos(v))/v 6, 
b3 = (67.098351295302516087 - 32.350990803092284859v 2 
+ 2.1966722150247849169v 4 - 1.1981848445589731731v2cos(v) 
- 67.098351295302516087 cos (v ) ) /v  e, 
where v = w h. 
(20) 
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Wl = 0.01207322890110907708 - 0 .40653.10-17v2 
- 0.000080545919372380666794v 4 + 0 .20092943003494958123.10-5v  6 
- 0 .25466833627786606002.10-7v  s + 0.20643350607061358941.10 -9 v 16, 
w2 = 0.48123885408065713661 - 0 .112100.10-16v  2 
- 0 .00022601201589714237833v 4 + 0.54795598699624949191.10-~v 6 
- 0 .68256220166580452218.10-7v  s + 0 .54711381732564419673.10-9v  1°, 
bl = 0.22021096868062596580 + 0 .469292.10-17v  2 + 0.000097977703397850642591 v 4 
- 0 .22412382583785739716.10-5v  6 + 0 .26877603423716154609.10- rv  s 
- 0 .20997247231722012744.10-9v  1°, 
b2 = 0.24320916228408932028 + 0 .110375.10-16v  2 
+ 0.00021980661103696260027v 4 - 0 .54377239370140886047.10 -5  v 6
+ 0.68577203635555809220.10 -7  v s _ 0 .55411197411946433343.10 -9  v l°, 
b3 = 0.043267786053518501242 - 0 .4562.10-1Sv2 
-0 .000011226379165290197722 v4+0.19010802508067184486 • 10 -6  v 6 
- 0 .17317532649049056082.10-Sv  s + 0.10537123040426674740.10 -1° v 1°, 
(21) 
where v = w h. 
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